AMCS Written Preliminary Exam, |
August 31, 2010

All work should go in the exam booklet, with your final answezazly marked.

1. Choose a numbeg € [0, =) and definex,+1 = sin(x,) forn € 0,1, 2, ... Evalu-
ate
L = lim Xn. (1)

n—oo

You must prove your answer.

2. Suppose that is a real, continuously differentiable function @ 1] with f (0) =

f(1) =0, and
1
/[f(x)]zdx =1
0
Prove that .
/xf(x)f’(x)dx = —%
0
and

1 1
% < /xz[f(x)]zdx-/[f/(x)]zdx
0 0

3. Give arigorous proof that the following limit exists:
R
lim /eixzdx.
R— o0
0

4. A rod of length 1 has endpoints constrained to lie on thetipesx andy axes.
With an initial of position of endpoints &0, 0), (0, 1), it slides continuously to the
position(1, 0), (0, 0) sweeping out a region in the positive quadrant. Determige th
equation for the boundary of this region.



5. Suppose that (x) is on continuously differentiable function, with boundeztiga-
tive, defined o0, 1] such that

lim f(x)— lim f(x)=1
X—1- x—0t

The Fourier coefficients of are defined by

1
f(n) = / f (x)e~ 2 Mgy,
0

Prove that, as — 400, we have:

. i 1
fny=—+o0(-).
™ 2zn * (n)
6. Ifarealn x n matrix A has rankm, then show thatA! A also has rankn.

7. LetAbe areah x n matrix, and define the inner product

n
(X, y) = ijyj-
j=1

We say thatA is positive definite ifA = Al and(Ax, x) > 0 for anyx # 0.

(&) Show that a positive definite matrix is invertible.
(b) Show that ifA is positive definite, then so 8~

(c) Suppose thaf is not symmetric, butAx, x) > 0 for anyx # 0. Is A neces-
sarily invertible?



