
AMCS Written Preliminary Exam
Part II, August 27, 2015

1. Evaluate the surface integral:

(1)
∫

S
[(xy, y2, yz) · n(x, y, z)]d A,

with n(x, y, z) the outer unit normal vector field. HereS = {(x, y, z) :

x2 + y2 + z2 = 1}. Hint: Use the divergence theorem.
What is the value of this integral overS+ = S ∩ {(x, y, z) : 0 ≤ y}?

2. The power series

(2) f (z) =

∞∑
n=1

nzn

defines an analytic function in the disk{z : |z| < 1}. What is the largest set
to which this function has an analytic continuation?

3. Prove or give a counterexample to the following statement: Suppose that
X, Y andZ are three real valued random variables, then at least one of the
probabilitiesP(X ≥ Y ), P(Y ≥ Z), or P(Z ≥ X) is 1/3 or greater.

4. Suppose thatA is an invertiblen × n matrix, andu andv aren × 1 vectors.
When is the matrixA + u ⊗ v t invertible? When it is, give a formula for its
inverse. The matrixu ⊗ v t acts on a vector by

(3) u ⊗ v t · x = 〈x, v〉u.

Hint: First solve the problem whenA = Id .

5. Suppose thatp(x) is a real valued, twice continuously differentiable func-
tion in [a, b].

(a) Show that ifp′′(x) ≥ 0 in [a, b], then p is convex, that is forx, y ∈

(a, b) andλ ∈ (0, 1) we have the estimate

(4) p(λx + (1 − λ)y) ≤ λp(x) + (1 − λ)p(y).

Hint: Show that we can assume thatp(x) = p(y) = 0, and then show
that p(λx + (1 − λ)y ≤ 0.

(b) Now show that ifp is convex then 0≤ p′′(x).

(c) Suppose thatp is defined onR. Show that any local minimum ofp is a
global minimum. What happens ifp assumes it minimum value at two
distinct pointsx0 < x1?

6. Suppose that two players,X andY, play the following game: they take turns
flipping a coin with probabilityp of landing onH. The first person to get
an H wins. If X goes first, then what is the probability, as a function ofp,

that X wins? Would you choose to be playerX or playerY ?
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