AMCS Written Preliminary Exam

Part I, August 28, 2012
1. Let
1) f(x) = (€ —e™ )Sin(x—lg,) for x # 0
Oforx=0

Show thatf is differentiable at 0 and computié(0).

2. Give an example of a Riemann integrable function with antally infinite
number of points of discontinuity.

3. For which real values gb is the following series convergent?

s 1
< (n2logn) - (na — 1)

4. Suppose thaf is ann x n matrix with a 1-dimensional null-space. Show
that we can choose vectarsando so that the linear transformation

(3) B=A+u®o"

(2)

is invertible. Herau ® otx 4 (X, v)u. What conditions muai ando satisfy
for this to be true?
5. Let Abe then x n matrix:
0 2
2 0
A=

NO NN
N NN

2 0
(Os along the diagonal and 2s everywhere else.) Computaghevalues
and eigenvectors oA.
6. A real valuedé¢2-functionu, defined in the unit disk, is harmonic if it satis-
fies the partial differential equatiaizxu + dyyu = 0. Show that every such
function can expressed in the form

4) ux,y) = f(x+iy) + f(x +iy),
where f is an analytic function in the unit disk.



7. Afair coin is flipped until it comes up HEADS. If this occusa then® flip,
then you win $%)n . What is your expected winnings?

8. Let{Yn} be independent random variables uniformly distribute¢Oiri].
Forn > 1, let X, = Y1 --- Yy, the products of thé;.
(a) ComputeE[ Xp].
(b) What is the limit, a; — oo, of Prob(X > (0.4)")?



