AMCS Written Preliminary Exam
Part I, August 27, 2014

Letxp be a real number; we define a sequence of real numbers bygsettin
x3 4 X2 — 2xn — 2

3X2 + 2% — 2
Suppose thaxg > 1. Show that the sequence has a limit, independent of
Xo > 1, and determine what it is.

. Prove that sim < x for all 0 < x.
. What is the radius of convergence of the power series:

Xn+1 = Xn —

o0 Zn(n+1)
n=0

How does the series behave on the boundary of the disk whayeverges?
Identify all the poles, zeros, removable singularitee®] essential singular-
ities of the function

1. .2
f(2) = ~e*tz2
@="e

Be sure to consider the behavioras> co. What is the residue of at O,
i.e., the value of the integral

1
i / f(2)dz?

|z|=1
Express the answer as an infinite series.
. Assumeu : R® — R is a smooth function that satisfies
o°u  0%u ¢4
X2 + oy? + 072
Show thatu cannot assume a local maximum at any péatyo, zo) € R®.
Letx : [0, o0) — R3 denote a solution of the ODE

X(t) = ¢ x x(t), X(0) = Xp.

> 0.

Herec s a fixed unit vectorx is the standard cross product BA. Show
that the trajectory ok lies on a circle inR3, and give an equation for the
circle.



7. Show that the linear system

11 X a
0 2 2)tlyl=1b
1 3 2 z C
is not solvable for arbitrarya, b, ¢)!. Find a linear condition that insures

solvability.

8. You are waiting at a bus stop, where the arrival times oébase Poisson
processes. Bus A has an arrival rate:gBus B has an arrival rate of and
they arrive independently. What is the probability that Busrrives before
Bus B?



