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Abstract

In this supplement we prove Proposition 1-3 and the technical results,

Lemmas 3, 4 and 5, which are used in the proofs of the main results. We

also present more extensive simulation results comparing the numerical per-

formance of the proposed test with that of other tests.

1 Proof of Proposition 1

According to the proof of Theorem 1 and letting d = 1 in (29), we have

PH0(Mij ≥ qα + 4 log p− log log p)

= (1 + o(1))P(|N(0, 1)| ≥ qα + 4 log p− log log p).

Then we can get, under (C2) (or (C2)∗), for 0 < α < 1,

Type I error = PH0(Φα = 1) ≤
∑

1≤i≤j≤p

PH0(Mij ≥ qα + 4 log p− log log p)

≤ − log(1− α) + o(1).
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2 Proof of Proposition 2

Proposition 2 (i) is a directly result of Theorem 2. For (ii), by the analysis in Li

and Chen (2012), pages 914 and 915, if

DISTLC(Σ1,Σ2) :=
∥Σ1 −Σ2∥2F√

1
n2
1
∥Σ1∥4F + 1

n2
2
∥Σ2∥4F

= o(1), (1)

then βLC(α) → α. By some elementary calculations, we have maxi,j{θij1 + θij2} =

O(1) and maxi,j |σij1 − σij2| = O(cn,p/
√
n) for (Σ1,Σ2) ∈ S(sp, cn,p). Hence,

DISTLC(Σ1,Σ2) = O(spc
2
n,p/p). This shows that if sp = o(p/c2n,p), the asymptotic

power lim(n,p)→∞ βLC(α) = α. For (iii), Lemma 2.3 in Srivastava and Yanagihara

(2010) shows that, if

DISTSY (Σ1,Σ2) = n
∣∣∣ tr(Σ2

1)/p

(tr(Σ1)/p)2
− tr(Σ2

2)/p

(tr(Σ2)/p)2

∣∣∣ = o(1), (2)

then βSY (α) → α. It can be verified that, for (Σ1,Σ2) ∈ S(sp, cn,p), DISTSY (Σ1,Σ2) =

O(
√
nspcn,p/p). This shows that, if sp = o(p/(

√
ncn,p)), then the asymptotic power

lim(n,p)→∞ βSY (α) = α.

3 Proof of Proposition 3

By (34) in the proof of Theorem 5, we only need to show that

P
(

max
(i,j)∈A\E0

Mij ≥ 4 log p− log log p+ qα

)
→ α,

where the set A is defined in the proof of Theorem 1 and

E0 = {(i, j) : 1 ≤ i ≤ j ≤ p, σij1 ̸= σij2} ∪ {(i, i) : 1 ≤ i ≤ p}.

Since s0(p) = o(p), we have Card(E0) = o(p2). The rest proof follows exactly the

same as that of Theorem 1.

4 Proof of Lemmas 3-5

Proof of Lemma 3. We only prove (20) in Lemma 3 because the proof of (21) is

similar. Without loss of generality, we assume that EX = 0 and Var(Xi) = 1 for
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1 ≤ i ≤ p. Let

θ̃ij1 =
1

n1

n1∑
k=1

[
XkiXkj − σ̃ij1

]2
with σ̃ij1 =

1

n1

n1∑
k=1

XkiXkj.

By the proof of Lemma 2 in Cai and Liu (2011), we have for any M > 0, there

exists a constant C such that

P
(
max
i,j

|θ̂ij1 − θ̃ij1| ≥ C
√
log p/n

)
= O(p−M + n−ϵ/8). (3)

Write

θ̃ij1 − θij1 =
1

n1

n1∑
k=1

[
(XkiXkj)

2 − E(XkiXkj)
2
]
− σ̃2

ij1 + σ2
ij1.

We can see that

P
(
max
i,j

|σ̃ij1 − σij1| ≥ C
√
log p/n

)
= O(p−M + n−ϵ/8). (4)

We first assume that (C2) holds. It suffices to show that

P
(
max
i,j

∣∣∣ 1
n1

n1∑
k=1

[
(XkiXkj)

2 − E(XkiXkj)
2
]∣∣∣ ≥ C

√
log p

n

)
= O(p−M). (5)

Define

X̂kj = XkjI{|Xkj| ≤ τ
√

log(p+ n)},

where τ is sufficiently large. We have

|E(XkiXkj)
2 − E(XkiX̂kj)

2| ≤ C
(
EX4

kjI{|Xkj| ≥ τ
√

log(p+ n)}
)1/2

≤ C(n+ p)−τ2η/2
(
EX4

kj exp
(
2−1ηX2

kj

))1/2

≤ C(n+ p)−τ2η/2, (6)

where C does not depend on n, p. Thus it follows that

P
(
max
i,j

∣∣∣ 1
n1

n1∑
k=1

[
(XkiXkj)

2 − E(XkiXkj)
2
]∣∣∣ ≥ C

√
log p

n

)
≤ P

(
max
i,j

∣∣∣ 1
n1

n1∑
k=1

[
(XkiX̂kj)

2 − E(XkiX̂kj)
2
]∣∣∣ ≥ 2−1C

√
log p

n

)
+npP

(
|X11| ≥ τ

√
log(p+ n)

)
.

3



Note that

npP
(
|X11| ≥ τ

√
log(p+ n)

)
≤ np(n+ p)−τ2ηE exp

(
ηX2

11

)
= O(p−M).

Let t = η(8τ 2)−1
√

log p/n1 and Ẑkij = (XkiX̂kj)
2 − E(XkiX̂kj)

2. Then we have

P
( 1

n1

n1∑
k=1

[
(XkiX̂kj)

2 − E(XkiX̂kj)
2
]
≥ C

√
log p

n

)
≤ exp

(
− Ct

√
n1 log p

) n1∏
k=1

E exp
(
tẐkij

)
≤ exp

(
− Ct

√
n1 log p

) n1∏
k=1

(
1 + Et2Ẑ2

kij exp
(
t|Ẑkij|

))
≤ exp

(
− Ct

√
n1 log p+

n1∑
k=1

Et2Ẑ2
kij exp

(
t|Ẑkij|

))
≤ exp

(
− Cη(8τ 2)−1 log p+ cτ,η log p

)
≤ Cp−M ,

where cτ,η is a positive constant depending only on τ and η. Similarly, we can show

that

P
( 1

n1

n1∑
k=1

[
(XkiX̂kj)

2 − E(XkiX̂kj)
2
]
≤ −C

√
log p

n

)
≤ Cp−M .

Thus (5) is proved.

It remains to prove the lemma under (C2∗). Define

Yij,k = (XkiXkj)
2, Ŷij,k = Yij,kI{|Yij,k| ≤ n/(log p)8}.

Then as in (6), we can show that |EYij,k−EŶij,k| ≤ Cn−γ0/4. Note that εn = (log p)−1.

It follows that

P
(
max
i,j

∣∣∣ n1∑
k=1

(Yij,k − EYij,k)
∣∣∣ ≥ nεn

log p

)
≤ P

(
max
i,j

∣∣∣ n1∑
k=1

(Ŷij,k − EŶij,k)
∣∣∣ ≥ 2−1 nεn

log p

)
+ P

(
max
i,j,k

|Yij,k| ≥
n

(log p)8

)
≤ Cp2 exp(−C(log p)4) + Cn−ϵ/8, (7)

where the last inequality follows from Bernstein’s inequality and (C2∗). The lemma

is proved.
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Proof of Lemma 4. Without loss of generality, we assume that µ1 = 0 and µ2 = 0.

Set

Zij,k =
n2

n1

(XkiXkj − σij1), 1 ≤ k ≤ n1,

Zij,k = −(YkiYkj − σij2), n1 + 1 ≤ k ≤ n1 + n2.

By (4), (5) and (7), we obtain for any M > 0,

P
(
max
ij

∣∣∣ 1
n1

n1∑
k=1

Z2
ij,k −

n2
2

n2
1

θij1

∣∣∣ ≥ C
εn
log p

)
= O(p−M + n−ϵ/8),

P
(
max
ij

∣∣∣ 1
n2

n2∑
k=n1+1

Z2
ij,k − θij2

∣∣∣ ≥ C
εn
log p

)
= O(p−M + n−ϵ/8). (8)

We can write

(σ̃ij1 − σ̃ij2 − σij1 + σij2)
2

θij1/n1 + θij2/n2

=

(∑n1+n2

k=1 Zij,k

)2

∑n1+n2

k=1 Z2
ij,k

×
∑n1+n2

k=1 Z2
ij,k

n2
2θij1/n1 + n2θij2

.

By the self-normalized large deviation theorem for independent random variables

(Theorem 1, Jing, Shao and Wang (2003)), we can get

max
1≤i≤j≤p

P
((∑n1+n2

k=1 Zij,k

)2

∑n1+n2

k=1 Z2
ij,k

≥ x2
)
≤ C(1− Φ(x))

uniformly for 0 ≤ x ≤ (8 log p)1/2. This, together with (8), proves the lemma.

Proof of Lemma 5. When d = 1, we have by the tail probabilities of normal

distribution,

P
(
|N 1|min ≥ y1/2p ± ϵn(log p)

−1/2
)
= (1 + o(1))

2p−2

√
8π

exp(−x/2).

This implies (31) in Lemma 5. It remains to prove the lemma when d ≥ 2. Note

that for any (i, j) ∈ A \ A0 and (k, l) ∈ A \ A0, we have

Cov(XiXj, XkXl) = EXiXjXkXl +O((log p)−2−2α0).

Define graph Gabcd = (Vabcd, Eabcd), where Vabcd = {a, b, c, d} is the set of vertices

and Eabcd is the set of edges. There is an edge between i ̸= j ∈ {a, b, c, d} if and only

if |σij| ≥ (log p)−1−α0 . We say Gabcd is a three vertices graph (3-G) if the number of
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different vertices in Vabcd is 3. Similarly, Gabcd is a four vertices graph (4-G) if the

number of different vertices in Vabcd is 4. A vertex in Gabcd is said to be isolated if

there is no edge connected to it. Note that for any 1 ≤ m1 ̸= m2 ≤ q, Gim1jm1 im2jm2

is 3-G or 4-G. We say a graph G := Gim1jm1 im2jm2
satisfy (⋆) if

(⋆) : If G is 4-G, then there is at least one isolated vertex in G;
otherwise G is 3-G and Eim1jm1 im2jm2

= ∅.

For any Gim1jm1 im2jm2
satisfying (⋆), by (C3),

|EXim1
Xjm1

Xim2
Xjm2

| = O((log p)−1−α0), (9)

where O(1) is uniformly for im1 , jm1 , im2 , jm2 . We now define the following set

I = {1 ≤ k1 < · · · < kd ≤ q},
I0 = {1 ≤ k1 < · · · < kd ≤ q : for some m1,m2 ∈ {k1, · · · , kd} with m1 ̸= m2

G := Gim1jm1 im2jm2
does not satisfy (⋆)},

Ic
0 = {1 ≤ k1 < · · · < kd ≤ q : for any m1,m2 ∈ {k1, · · · , kd} and m1 ̸= m2,

G satisfies (⋆)}.

It is easy to see that I = I0 ∪ Ic
0. For any subset S of {k1, . . . , kd}, we say that S

satisfies (⋆⋆) if

(⋆⋆) for any m1 ̸= m2 ∈ S, Gim1jm1 im2jm2
satisfies (⋆).

For 2 ≤ l ≤ d, let

I0l = {1 ≤ k1 < · · · < kd ≤ q : the largest cardinality of S is l, where

S is any subset of {k1 < . . . , kd} satisfies (⋆⋆).},
I01 = {1 ≤ k1 < · · · < kd ≤ q : for any m1,m2 ∈ {k1, · · · , kd} with m1 ̸= m2

G := Gim1jm1 im2jm2
does not satisfy (⋆)}.

Clearly Ic
0 = I0d and I0 = ∪d−1

l=1 I0l. We can prove that Card(I0l) ≤ Cdq
l+2γ(d−l) and

Card(Ic
0) = (1 + o(1))Cd

q . We claim that∑
Ic
0

P
(
|N d|min ≥ y1/2p ± εn(log p)

−1/2
)
= (1 + o(1))

1

d!

( 1√
8π

exp(−x

2
)
)
d (10)

and ∑
I0

P
(
|N d|min ≥ y1/2p ± εn(log p)

−1/2
)
= o(1). (11)
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By (10) and (11), Lemma 5 is proved.

We first prove (11). For 1 ≤ a ̸= b ≤ q, define the indicator function

d((ia, ja), (ib, jb)) = 1 if Giajaibjb does not satisfy (⋆);

= 0 otherwise .

We further divide I0l as follow. Let (k1, . . . , kd) ∈ I0l and let S⋆ ⊂ (k1, . . . , kd) be

the largest cardinality subset satisfying (⋆⋆). (If there are more than two subsets

that attain the the largest cardinality, then we can choose any one of them.) Define

I0l1 = {(k1, . . . , kd) ∈ I0l : there exists an a /∈ S⋆ such that for some b1, b2 ∈ S⋆

with b1 ̸= b2, d((ia, ja), (ib1 , jb1)) = 1, d((ia, ja), (ib2 , jb2)) = 1},
I0l2 = I0l \ I0l1.

Note that I011 = ∅ and I012 = I01. Recall that d is fixed and l ≤ d − 1. We

can prove that Card(I0l1) ≤ Cql−1+2γ(d−l+1) and Card(I0l2) ≤ Cdq
l+2γ(d−l). Write

S⋆ = (b1, . . . , bl) and xp = y
1/2
p ± ϵn(log p)

−1/2. For any (k1, . . . , kd) ∈ I0l,

P
(
|N d|min ≥ y1/2p ± ϵn(log p)

−1/2
)

≤ P
(
|Nb1 | ≥ xp, . . . , |Nbl | ≥ xp

)
=

1

(2π)l/2|U l|1/2

∫
|y|min≥xp

exp
(
− 1

2
yTU−1

l y
)
dy,

where U l is the covariance matrix of (Nb1 , . . . , Nbl). By (9), we have ∥U l − I l∥2 =
O((log p)−1−α0). Let |y|max = max1≤i≤l |yi| for y = (y1, . . . , yl). Then

1

(2π)l/2|U l|1/2

∫
|y|min≥xp

exp
(
− 1

2
yTU−1

l y
)
dy

=
1

(2π)l/2|U l|1/2

∫
|y|min≥xp,|y|max≤(log p)1/2+α0/4

exp
(
− 1

2
yTU−1

l y
)
dy

+O
(
exp

(
− (log p)1+α0/2/4)

))
=

1 +O((log p)−α0/2)

(2π)l/2

∫
|y|min≥xp,|y|max≤(log p)1/2+α0/4

exp
(
− 1

2
yTy

)
dy

+O
(
exp

(
− (log p)1+α0/2/4)

))
=

1 +O((log p)−α0/2)

(2π)l/2

∫
|y|min≥xp

exp
(
− 1

2
yTy

)
dy

+O
(
exp

(
− (log p)1+α0/2/4)

))
= O

(
p−2l

)
. (12)

This implies that∑
I0l1

P
(
|N d|min ≥ y1/2p ± ϵn(log p)

−1/2
)
≤ Cp−2+4γ(d−l+1) = o(1). (13)
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For (k1, . . . , kd) ∈ I0l2, let ā = min{a : a ∈ (k1, . . . , kd), a /∈ S⋆}. Without loss of

generality and for notation briefness, we can assume that d((iā, jā), (ib1 , jb1)) = 1.

Then we have ∑
I0l2

P
(
|N d|min ≥ y1/2p ± ϵn(log p)

−1/2
)

≤
∑
I0l2

P
(
|Nā| ≥ xp, |Nb1 | ≥ xp, . . . , |Nbl| ≥ xp

)
,

Because (k1, . . . , kd) ∈ I0l2, by (C3), we can show that Cov(Nā, Nbj) = O((log p)−1−α0)

for 2 ≤ j ≤ l. Recall that S⋆ = (b1, . . . , bl). We have Cov(Nbi , Nbj) = O((log p)−1−α0)

for 1 ≤ i ̸= j ≤ l. Let V l be the covariance matrix of (Nā, Nb1 , . . . , Nbl). It fol-

lows that ∥V l − V̄ l∥2 = O((log p)−1−α0), where V̄ l =diag(D, I l−1) and D is the

covariance matrix of (Nā, Nb1).

We say the graph Giājāib1jb1
is aG-bE if Giājāib1jb1

is a-G and there are b edges in

Eiājāib1jb1
for a = 3, 4 and b = 0, 1, 2, 3, 4. We further divide I0l2 into two parts:

I0l2,1 =
{
(k1, . . . , kd) ∈ I0l2 : Giājāib1jb1

is 3G-1E or 4G-2E
}
,

I0l2,2 =
{
(k1, . . . , kd) ∈ I0l2 : Giājāib1jb1

is 4G-3E or 4G-4E
}
.

Note that I0l2 = I0l2,1 ∪ I0l2,2. We can prove that Card(I0l2,2) ≤ Cp2l−2+2(d−l−1)γ ×
p1+3γ, where C is a constant depending only on the fixed number d. This, together

with (12), implies that∑
I0l2,2

P
(
|Nā| ≥ xp, |Nb1 | ≥ xp, . . . , |Nbl | ≥ xp

)
≤

∑
I0l2,2

P
(
|Nb1 | ≥ xp, . . . , |Nbl| ≥ xp

)
≤ Cp2l−1+(2d−2l+1)γ × p−2l = o(1). (14)

For (k1, . . . , kd) ∈ I0l2,1, by (C3), we have for large p,

1

θ
1/2
iājā1

θ
1/2
ib1jb11

|EXiāXjāXib1
Xjb1

| ≤ max{|ρiāib1ρjājb1 |, |ρiājb1ρjāib1 |}+O((log p)−1−α0)

≤ r +O((log p)−1−α0) < (r + 1)/2

uniformly for all ā and b1. Recall the covariance matrix V l of (Nā, Nb1 , . . . , Nbl)

satisfying ∥V l−diag(D, I l−1) ∥2 = O((log p)−1−α0). Using the similar argument as

that in (12), we can obtain that∑
I0l2,1

P
(
|Nā| ≥ xp, |Nb1 | ≥ xp, . . . , |Nbl | ≥ xp

)
8



≤ C
∑
I0l2,1

[
P
(
|Nā| ≥ xp, |Nb1 | ≥ xp)× p−2l+2 + exp

(
− (log p)1+α0/2/4

)]
≤ C

∑
I0l2,1

[
p−2−(2−2r)/(3+r) × p−2l+2 + exp

(
− (log p)1+α0/2/4

)]
, (15)

where the last inequality follows from Lemma 2. We can show that Card(I0l2,1) ≤
Cp2l−2+2(d−l−1)γ × p2+2γ. Hence it follows from (15) that∑
I0l2,1

P
(
|Nā| ≥ xp, |Nb1 | ≥ xp, . . . , |Nbl | ≥ xp

)
≤ Cp−(2−2r)/(3+r)+2(d−l)γ = o(1). (16)

Combining (13), (14) and (16) yields (11).

It remains for us to show that (10). By (9), we have ∥Cov(N d) − Id∥2 =

O((log p)−1−α0) uniformly for (k1, . . . , kd) ∈ Ic
0. Then by exactly the same proof

as that in (12), we can get

P
(
|N d|min ≥ y1/2p ± εn(log p)

−1/2
)
= (1 + o(1))

( 2√
8π

exp
(
− x

2

))d

p−2d

uniformly for (k1, . . . , kd) ∈ Ic
0. This, together with the fact Card(Ic

0) = (1+o(1))Cd
q ,

proves (10).
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5 Additional simulation results

In this section we present additional simulation results comparing the numerical

performance of the proposed test with that of other tests, particularly in the non-

Gaussian setting and the small sample size setting.

5.1 Simulation results for non-Gaussian distributions

For each model, we generate two independent random samples {Xk}n1
k=1 and {Y l}n2

l=1

from multivariate models Xk = Γ1Z
(1)
k and Y k = Γ2Z

(2)
k , with Γ1Γ

′
1 = Σ1, Γ2Γ

′
2 =

Σ2. We consider the following four types of distribution of Z
(i)
k , i = 1, 2.

(I) The components of Z
(i)
k = (Zk1, ..., Zkp)

′ are i.i.d. Gamma(10,1) random

variables.

(II) Z
(i)
k = (Zk1, ..., Zkp)

′ are generated by letting each component be an stan-

dard normal (N(0, 1)) variable with probability 0.9 and an standard exponential

random variable (exp(1)) with probability 0.1, where the components are indepen-

dent.

(III) The components of Z
(i)
k = (Zk1, ..., Zkp)

′ are i.i.d. t distributed random

variables with 12 degrees of freedom.

The simulation results are summarized in Tables 1-3.
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5.2 Simulation results for small samples

When the sample size is small, say n = 30, as is explained in the discussion section

in the paper, the critical value derived from the asymptotic distribution is not

sufficiently accurate and modification is thus needed. It is shown in this section

that the proposed test with the modified critical value also performs well. As we

can see from Section 5 in the paper that Chen and Li (2011)’s test performs similarly

as Schott (2007)’s test. Hence to save computation cost, we considered three test

statistics in this section, the proposed test, Schott (2007)’s test and Srivastava and

Yanagihara (2010)’s test. We consider the same models as in the paper but with

D = I for the first three models and O = I in the fourth model under the normal

distribution. To evaluate the power of the tests, let U = (ukl) be a matrix with

2⌊K/2⌋ random nonzero entries. The locations of the ⌊K/2⌋ nonzero entries are

selected randomly from the upper triangle of U , each with magnitude 0.9. The

other ⌊K/2⌋ nonzero entries in the lower triangle are determined by symmetry.

We consider two settings here. In the first case, the number of nonzero entries

of the difference of two covariance matrices stays the same and we choose K = 32.

In the other case, the number of nonzero entries increases as p grows and we choose

K = ⌊p/4⌋. We use the following four pairs of covariance matrices (Σ
(i)
1 ,Σ

(i)
2 ),

i = 1, 2, 3 and 4, to compare the power of the tests, where Σ
(i)
1 = Σ(i) and Σ

(i)
2 =

Σ(i) +U .

The dimension p still varies over the values 50, 100, 200, 400 and 800. Because

the sample size is small, we use the “normal cut off” method discussed in Section 6

in the paper to choose the critical value through simulation (20000 replications are

used). The nominal significant level for all the tests is set at α = 0.05. The actual

sizes and powers for the four models, reported in Table 4, are estimated from 5000

replications.

It can be seen from Table 4 that the estimated sizes of our test Φα and Srivastava

and Yanagihara (2010)’s test are close to the nominal level 0.05 in all the cases.

Schott (2007)’s test has nominal level close to 0.05 in the first three models, while

having size distortion in the fourth model.

The power results in Table 4 show that the proposed test has much higher

power than the other tests in all settings. In the first case, the number of nonzero

off-diagonal entries of Σ1 − Σ2 does not change when p grows, so the estimated

powers of all tests tend to decrease when the dimension p increases. It can be seen

in Table 4 that the powers of Schott (2007) and Srivastava and Yanagihara (2010)’s

14



tests decrease extremely fast as p grows. In the second case, the number of nonzero

entries increases as p grows. The proposed test has much higher power than the

other tests no matter how p varies.

Simulations for Gamma distribution Γ(10, 1) are also carried in this small sample

case. Similar phenomena as those in the Gaussian case are observed. The results

are summarized in Table 5.
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