AMCS Written Preliminary Exam, I
August 30, 2011

All work should go in the exam booklet, with your final answérasly marked.

1. Evaluate the integral
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You must show that this improper Riemann integral exists.

2. Fora > 1, show that:
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3. Suppose thaf, g are analytic functions in the digR,(0), and thatf g is also ana-
Iytic. Show that eitherf is constant og is zero.

4. Let< A, > be a sequence of square matrices converging.t&ive a proof, or
counterexample for the following statements:

(a) If eachAy is singluar, them is singular.
(b) If eachA, is non-singluar, the’ is non-singular.

5. LetAbe 2x 2 real matrix and set
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where|| - || is the Euclidean norm. Does the matixalways have an eigenvalue

with |A| = r (A)? Give a proof, or counterexample.

6. Astick of length 1 is broken into three pieces randomly.aiik the probability that
these pieces are the edges a triangle? The edge lengthsemdyitriples:

S = {(X1, X2, X3) : X1, X2, X3 > O with X1 + X2 + X3 = 1},

The probability distribution on edge lengths is defined l®yshrface measure &)
normalized to have total area 1.



7. Two points are chosen independently and uniformly froenuthit interval. What is
the expected square of the distance between them?

8. Fix an even numben. The random variableX1, Xo, ..., X, take values in the set
{—1,1}. There is a constart so that, fori # j, E[XjX;] = c. Find the sharpest
lower bound you can foc. Hint: If Y is a non-negative random variable, then
E[Y] = 0.

9. What is the expected number of times that a standard,(&xJsided die must be
rolled so that it lands on each face at least once?



